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OCHOBHBIE METObI I'€HEPALIUU
CJIyYauHBIX YHUCEII

1. Jluneitno-xoHTpy3HTHBIC (LCG)
2. Cppurosslii peructp (GFSR)

[TpnMepbl cOBpPEMEHHbLIX MoandUKaLnmn
metonoB LCG n GFSR

reHepaTtop Mersenne Twister (Matsumoto, Tishimura, 1998)
kKoMmbunHnpoaHHble LCG-reHepaTopbl (L'Ecuyer, 1999)

KoMbunHnpoBaHHble Tausworthe reHepaTopsl (L'Ecuyer, 1996;
L'Ecuyer, 1999).



JInHeRHO-KOHT Py HTHBIE: Tni1 = (ax, + ¢)(mod M).

CIBUTOBBIE PETUCTPBI: X, = (A1 Tp_1 + - + apZp_k)(mod 2),
L
—i k k—1
Uy = E Tnsti12 P(z) =2" — a1z — s — Q.
i=1
['eneparop Mersenne Twister: Xkin = Xktm P (XE|X§C+1)A.
KombunupoBanubiii reneparop MRG32K3A: “» = (azp—2 + bxy_3)(modmy),
a=1403580, b=—810728, ¢=527612, d =—1370589, Yn = (CYn—1 + dyn—3)(modmy),
m, = 232 — 209, m,= 2% —22853 Zn = (T, + Yn)(modmy).
KoMOmHMpOBaHHBIIM ® Tp=1=Tp 31 BTp_25, =18,
Tausworthe-reneparop o z., — D AN

LFSR113 asagerca

KOMOMHAaITEN YeThIpex
CIIBUTOBBIX PETUCTPOB: ® Tp=1Tn_25DBTn-22, =13

® Ty, = Tp—28 D Tn—15, S = 77



MeToq reHepaunm criydamHbiX Yncern, OCHOBaHHbLIN Ha
napannenbHOW 3BONLUMM aBTOMOPMPM3MOB TOpa

L.Yu. B., Europhysics Letters (EPL) 95, 10003 (2011).
L.Yu. B., L.N. Shchur, Computer Physics Communications, 182 (7), 1518-1527 (2011).
L.Yu. B., L.N. Shchur, Phys.Rev. E 73, 036701 (2006).

OCHOBHBIE YepThl METOAA:

AHcaMO0JIb mpeoOpa3oBaHMii. wucnonb3dyercs aHcaMOiap MRG-
peoO0pa3zoBaHUi BMECTO OT/ICJIbHOM CHUCTEMBI

CKpbIThIe IIepeMeHHbIE: TOJIBKO YacTh MH(MOPMALIMU UCT B BHIXOIHYIO
IIOCJICA0BATEILHOCTD reHeparopa, YTO [IOMOraeT  HOJAaBJIATH
KOPCIUISLIMY, YCIOXKHSET paciiu(ppoBKY M IIPUBOJUT K APYTHMM
CBOMCTBAM.

: 2
JliimHa nepuona: Ilepuox pasen P° —1  mns cerku P XP tne P-
npoctoe uncio. [lepuon paBen 3-2™m2 mig cetku 2™ X 2™ | Ilepuon
MOYKET OBITh HACTOJIBKO OOJIBIIMM, HACKOJIBKO 3TO TPEOYyETCH.



OnucaHue MeTola: KOHCTPYMPOBAHME reHepaTopa

MuoxectBo cocrostanii: R = L® e L=1{0,1,...,9—1} x{0,1,...,9—1}
Ha npaktuke, g = 2! wimm g=p wimg = p- 2%, 11 p — OIPOCTOE YKCIIO.

DyHKIMA TEpeX0/a TeHepaTopa ONPENENAETCs IEHCTBUEM IPEOOPA30BAHUS
xz(n) :E?(;n_l)
() = #(Gfon) et
rae s Touek (¢ =0,1,...,5—1) npeoOpasyroTcs Ha KAKIOM IIare.
DKBUBAJIEHTHOE ONUCAHUE [IPU IIOMOLIY PEKYPPEHTHOTO COOTHOIICHMS:
2™ = kz(™Y — g2("=2)(mod g)
y™ = ky™ — gy (mod g)
3neck kg =Tr (M), q=det M

XapaKkTepUCTUUYECKUUN MTOJIUHOM PEKYPPEHTHOTO COOTHOUIECHHUS

f(z) =2°—kx +q.



OnucaHue MeTola: KOHCTPYMPOBAHME reHepaTopa
(n)

Ilycts @ ° o003HauaeT crapunii OUT :13( n). ag”) — LQ;U?E") /gJ
Beixonnas ¢ynknus regeparopa G : L° — {0,1,...,2° — 1}

s—1 (n) 27,

OTIpEIeNIeHa CIEYIOUINM 00pasoM: Gy = D .. o &

Hpyrumu cioBamu, Gn, — 3TO S-OMTOBOE YHCIIO, COCTOSIIIEE U3 OUTOB

a(()n),agn), o™

— om
o, 1. Bcrysae g = 2™ @p CcOCTOUT B TOYHOCTH H3

QENORINC

CTapIIMX OMTOB LEIBIX YHCEIT Zq yoonsyTg q.

CKOHCTPYHPOBAHHBIN T€HEPATOP UMEET MHOTO CKPBITOM MH(OPMALIUH.
Nmenno, s(m — 1) OMTOB KaKJA0TO COCTOSIHUSA SIBJISIETCSI CKPBITOM
MH(pOPMAIMEH: 3TO T€ OUTHI, KOTOPHIE HE BOBJICYCHBI B KOHCTPYUPOBAHUE
HAOJII0IaeMOT0 YUCIIA (.



PRNGs based on ensemble of dynamical systems and their
properties:

The state of the generator consists of the values mz(-n_l), :UE"_Q) e {0,1,...,9 — 1}, i =
0,1,...,s — 1. The transition function of the generator is defined by the recurrence relation
:an) — kxi(;n_l) — q:vgn_Q) (mod g), (1)
where t = 0,1,...,5s—1. The values mgn), ¢t =0,1,...,5—1 can be considered as z-coordinates
of s points (xf;n), ygn))T, 1 =0,1,...,5—1 of the g x g lattice on the two-dimensional torus, then
each recurrence relation describes the dynamics of x-coordinate of a point on the two-dimensional
torus: ,
(n) | — M (n—1) (IIlOd g)a (2)
Y; Y
where matrix M = (m; 22) IS a matrix with integer elements, £k = Tr M, ¢ = det M and Tr M

is a trace of matrix M.
The output function:

s—1
a® = 37|2°2{" /g] - 2", 3)
i=0
where v bits are taken from each recurrence and 2 =0,1,...,s — 1.

The sequence of bits {[2°z\™ /g|}, where i is fixed and {z\™} is generated with relation
(2) is designated as a stream of v-bit blocks generated with matrix M.



OO0jacTH Ha TOpE U MATUOUTOBBIC MOCIEA0BATEIILHOCTHU
r€HEPHUPYEMBbIC THIIEPOOINUECKUM aBTOMOP(PHU3MOM

L.Yu. B., Europhysics Letters (EPL) 95, 10003 (2011).
L.Yu. B., L.N. Shchur, Phys.Rev. E 73, 036701 (2006).



Equidistibution properties of the PRNGs based on ensemble of

dynamical systems:
Proposition 1. If (i) M = (! "2) is a matrix with integer values my, ma, ms, my, (ii) mu,

3 14

g = det M and g are divisible by 2v, (iii) the image of the lattice g x g with the transformation M7 is
invariant with respect to the shift S for j = 0,1,...,n, then all the sequences of length n in a stream
of v-bit blocks generated with matrix M are equiprobable.

Proposition 2. Consider a matrix M with integer elements and the following integer quantities:
g=p-2t, g=detM =2%w modg, k=TrM =2™r modg, u>1,t>wv, m>0. Here w,r
are odd integers and p is an odd prime. Then all 27 sequences of length j in a stream of v-bit blocks
generated with recurrence relation (1) are equiprobable for j =1,2,...,¢. Here £ = [(t —v)/[u/2]]

foru <2m and £ = [(t —v)/(u—m)] for u > 2m;

L.Yu. B., Applying dissipative dynamical systems to pseudorandom number generation:
Equidistribution property and statistical independence of bits at distances up to
logarithm of mesh size, Europhysics Letters (EPL) 95, 10003 (2011).

L.Yu. B., Geometric and statistical properties of pseudorandom number generators based
on multiple recursive transformations, Springer Proceedings in Mathematics and
Statistics, Volume 23, p. 265-280 (2012).

[book chapter in “Monte Carlo and Quasi-Monte Carlo Methods 2010”, Ed. by Henryk
Wozniakowski and Leszek Plaskota, Springer-Verlag, 2012. xii, 732 pp, ISBN 978-3-642-
27439-8].
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[TapameTpsl reHepaTopoB.

GQ58.4-SSE

-~

Generator k q g v Period Dimension of approx.
length equidistribution
GM19 15 | 28 2t 1 1| 2.7-10" 129
GM29 4 | 2 229 _ 3 1| 2.8.10' 200
GM31 11 | 14 AR | 1 | 4.6-10'® 210
GM55 256 | 176 | 16(2°' —129) | 4 | > 5.1-10% 350
GM61 24 | 74 PR 1| 5.3-10% 415
GQ58.1 8 | 48 | 2*9(2* —-3) | 1 | >2.8-10" 200
GQ58.3 8 | 48 | 2*29(2* —-3) | 3 | >2.8-10' 200
GQ58.4 8 | 48 | 2*9(2* —3) | 4 | >2.8-10' 200
LFSR113 — | - — ~ | 1.0.10% 30
MRG32K3A | — | — — — | 3.1-10°7 45
MT19937 — | = — — | 4.3-10°%1 623
Pe3ynbTarbl CTaTUCTUYECKOTO TECTUPOBaHUs Ipy nmomoinu 6arapeit tectoB TestUOL.

Generator SmallCrush | Diehard | Crush | Bigcrush
MRG32k3a 0,0,0 0,0,0 | 0,0,0 0,0,0
LFSR113 0,0,0 1,0,0 | 6,6,6 6,6,6
MT19937 0,0,0 0,0,0 | 2,2,2 2,2,2
GM29-SSE 0,0,0 0,0,0 | 0,0,0 0,0,0
GM55.4-SSE 0,0,0 0,0,0 | 0,0,0 0,0,0
GQ58.1-SSE 0,0,0 0,0,0 | 0,0,0 0,0,0
GQ58.3-SSE 0,0,0 0,0,0 | 0,0,0 0,0,0

0,0,0 0,0,0 | 0,0,0 0,0,0




MeTo 16l TeHepaliu IapaaieabHbIX
IIOTOKOB CJIY4YaMHBIX YHCEJI

1. Cny4aiiHbplii BBLIOOpP HAYaJIbHBIX BEJIUYMH

2. Ilapamerpuzarus

3. PacmiemieHue OJ0Ka

4. Yexapna

’,-----



(P (EKTUBHBIC AIITOPUTMEI IMPOITYCKa KYCKOB
Y MHUILMAJIM3ALUH IT0CIEI0BaTeIbHOCTEN 11

BbIOpAHHBIX T'€HEPATOPOB

1. IIpomyck kyckoB ajist reaepaTropos GM19, GM31, GM61, GM29.1, GM55.4,
GQ58.1, GQ58.3, GQ58.4 , B KOTOPBIX COCTOSTHIAE U3MEHSAETCS 110 IIPABUJITY
(") = kz(»=D) — q2("=2)(mod g).

MozKHO moKa3aTh, 4To crupasemqmmso 2™ = k,z(") — ¢,z (mod ¢), rme
ki =k @ =¢ kon=k, —2¢,(mod g); g¢on =g, (mod g).

DTO MO3BOJIAET OBICTPO BLIYUCIUTH KOIPPUITMEHTHI, HEOOXOIUMBbIE JIJIsI IIPOILYCKa,
KYCKOB C KOJJMYECTBOM 3JIEMEHTOB, PABHBIM CTeNEeHU IBOUKHU. DPHMEKTUBHBIM
CIIOCOOOM TIPOITYCKa KYCKa ITPOU3BOJILHO JITUHBI N IBJFETCS PA3JIOXKEHHUE TUCTIa,
n B JBOMYHYIO 3alllch BUIa n = 20 + 21 4+ ... + 2'm gy mocseoBaTe/bHBIH
MPOIYCK KYCKOB JIHH 2%, . .., 2%, TakyKe MOXKHO IOKa3aTbh, UTO

ko=2; ki=k kn1=kk,—qk, 1(mod g); ¢, =q"(mod g).



2. IIponyck kyckoB g reneparopa MRG32K3A.

T Yn 0 a b c 0 d
Ynobuo obosuaunth X, = | Tt |, Yn=|Yn1 |, A=|1 0 O0),B=1|1 0 0
Ln—2 Yn—2 0O 1 O 0O 1 O

DTO MO3BOJIAET TPEJICTABUTH NpaBuiio u3Menenns: coctossunss MRG32K3A B Buie

X1 = A X, (mod my),
Y,i1 = B Y,(mod ms).

CocTositHEEM TeHepaTopa dBJIdeTCs mapa BEKTOpoB X,, Y,. CiiemoBaTenbHO,
JIJI IPOIYCKa KYCKOB JIJIMHOU N HEOOXOIMMO HAaWTH N-yio cTenedHb MmaTtpuil A n B.

PazjlaraeM 4mMcJIO m B JBOMYHYIO 3allUCh BHUJa N = 20 + 21 4 ... 4 2lm,
iQ iq o iQ i1 T,
torma A" = A7 A% .. A% (mod my), B® = B?"B?" ... B*" (mod my), Te.
MPOITYCK KyCKa JJIMHBI 1 MOXKeT 6bITh mpousBeneH 3a O(logn) omeparmii.

Oyukmusa MRG32K3A_init_sequence 1Mo3BoJIsieT MHAIMAAJIAITPOBATH J10 1019
HE3aBUCUMBIX MaPaJIJICJIbHBIX OCIEe0BATEIbHOCTEN CJAYyYaHbIX YUCe JIJINHBI,
He TpeBocxosrsmieit 1038,



3. IIpomyck kyckoB jj1d reaepaTopa LESR113.

® Ty, =Tp_31 D Tn_25, S=18,
ARropuTM npomnycka Kycka

ang KOMOMHUPOBAHHOIO ® T, =Ty 929D Ty o7, S=2,
reHepaTtopa cBoAUTCH K
NPOMYCKY KYCKOB ANA Kagoro ® Ty =Tpn_28DTn_15 S=171,

N3 3TNUX COBUITOBbLIX PETNCTPOB.
® Ty, =Ty 25D Tp_22, 8= 13.

32
Ln = (xn—p + In—erq)(mOd 2), Up = Zi’fis+l—12—l
1=1

Torma cupaBeiinBo Ty, = (Tp—_g2¢p + Tn_2eptq)(mod 2).

Oyuknua LFSR113_init_sequence 1o3BojideT HHATNAJIU3UPOBATD 4 - 1018

HE3aBUCUMBbBIX I10CJI€JIOBATEJILBHOCTEN CIIyYalHbIX YMCEJ JJIMHBI, HE TTPEBOCXO0/14-
meit 1019 dpynkusa LFSR113_init_long_sequence I103BOJIS€T WHAITAAJIAIUPO-
BaTh 4 - 10° HE3aBUCHMBIX TIOCIIEIOBATEIHLHOCTEH CIIyYailHBIX YUCes JJIMHBI, He
peBocxogameit 3 - 102°.



Jumping ahead for the generator LFSR113.
Algorithm to jump ahead for the combined generator reduces to
jumping ahead for every particular shift register sequence.

32
Ty = (Tn—p + Tn—p+q)(mod 2), Uy, = Zl’z‘sﬂ—l?_l (5)
=1

Then the following holds: x,, = (x,—2¢p + Tp—2ept2¢q)(mod 2).

Suppose we have the initial values xg,x1,...,2x31. Let’s build a table of values,
which rows are numerated starting with zero. The zero row of the table contains p
values: zp, Tp41,...,T2p—1, which are directly caclulated from the initial values. The
n-th row of the table contain the following p values: xanp, Tan(p11), ..., Tan(2p—1). Each
value of the table is calculated from the preivous values with the relation zaon (47 =
Ton| + Ton(j44)- We note that for n > 5 the table contains x,.on». Indeed, it follows
from p > 16 that s < 2p. If j € {0, 1,2, 3,4, 5} is maximal integer such that s-2/ < 2p,
then s-2/ € {p,p+1,...,2p — 1}, therefore, x40 belongs to (n — j)-th row of the
table. In order to jump ahead a block of length 2", one needs to calculate the 32 bits
Tg.9n,Tg.on41,...,Lsn131, Which are involved in usn in (5) for each of the four shift
registers of LFSR113. To this purpose, one constructs 128 tables which start from
ecach of the 32 initial bits for each of the four shift registers. The realization of this
operation for GPU is much more efficient than for CPU because the 128 tables can be
constructed independently using different threads. In order to efficiently jump ahead
n pseudorandom numbers for arbitrary n one can subsequently skip ahead blocks of
length 2% 2% ... 2» where the binary notation of value n is n = 2% 424 4...42im



4. Ilpomyck KyckoB ajs reneparopa MT19937.

Agnroputm reneparopa MT19937 mMmeer JIMHEHHYIO CTPYKTYPY U MOXKET
obITh 3anucafd B Buge Y, 11 = AY,, (mod 2), rne Y,, — cocrosinue remeparopa,
maTpuna A umeer paszmep 19937 x 19937, Boranciienne A™ OyneT HCKIIIOYATEIHHO
MeJIJIEHHBIM 1 TTOTPeOyeT MHOI'O MaMATH.

Ipyroii ciocob |*|: aya mo6oro v € N nmeer mecTo BbIparkenue
AYo=g,(A)Yo=arYr—1 +ar—1Yr—2+ - +aYi+a1 Yy, (1)

roe k = 19937, koaddurmenter a; € {0,1},7 = 1,...,k, u moausom g,(x) =
apz® =1+ +asx + a; B mome [Fy 3aBucur or v. B pabore [*| mpusenen crmoco6
BBIYHCJICHNAS TTOJMHOMA ¢, JJId IPOU3BOJLHOIO (PUKCHPOBAHHOIO 0.

B oTaimume oT MeToJI0B, HCIOJIL3YIOMIUXCA B APYTUX CYIIECTBYIONIMX MaKeTax,
B PRAND ko3 dunmenTnb BRIYUCISIOTC 3apaHee JJisd CJeyIONInX 3HaYeHUH’
vv=2"n=0,1,... 5lluv=n-2 n=1516,...,24,i=0,1,...,127.

Boruncienne (1) MOXKHO IPOBOIUTH HMCIIOJIb3Ysl MAaCCUBHBIA MMapaJlien3M
IrpadUIecKoro Mporeccopa JJjs YCKOPEHUd BLIYNCIeHNN.

[*| Haramoto et.al., INFORMS Journal on Computing 20 (3), 385-390 (2008).



Table 2: Initialization of pseudorandom streams for RNGs in PRAND library

Function initializing sequence

Number of sequences

Maximal length

gm19_init_sequence_ 1000 6 - 10°
gm29_init_short_sequence_ 108 8- 107
gm29_init_medium_sequence_ 10° 8- 107
gm29_init_long_sequence_ 104 8- 10!
gm31_init_short_sequence_ 10° 8-107
gm31_init_medium_sequence_ 107 8-10°
gm31_init_long_sequence_ 10° 8- 101!
gmb5_init_short_sequence_ 1018 1010

gmb5_init_long_sequence_ 4-10° 1020

gq58x1_init_short_sequence_ 108 8- 107
gq58x1_init_medium_sequence_ 10° 8-10°
gq58x1_init_long_sequence_ 104 8- 10!
gq58x3_init_short_sequence_ 2108 8- 107
gq58x3_init_medium_sequence_ 2 - 10 8- 107
gg58x3_init_long_sequence_ 2104 8- 10!
gq58x4_init_short_sequence_ 3-10% 8- 107
gq58x4_init_medium_sequence_ 3106 8- 107
gq58x4_init_long_sequence_ 3-10% 8- 10!
gm61_init_sequence_ 1.8-10%° 1010

gm61l_init_long_sequence_ 4-10° 3-10%
1fsr113_init_sequence_ 3.8-10'8 101Y

1lfsr113_init_long_sequence_ 4 -10° 1024

mrg32k3a_init_sequence_ 1019 1038

mt19937_init_sequence_ 1019 10139




Table 3: Multi-threaded generation of pseudorandom numbers with GPGPU.

Generator Number | Number of | Number of Number of
of threads threads per | array sections
blocks per block | array section

GM19 512 128 32 2048
GM29 512 128 32 2048
GM31 512 128 32 2048
GMb55 128 128 8 2048
GM61 512 128 32 2048
GQb58.1 512 128 32 2048
GQ58.3 128 192 12 2048
GQ58.4 128 128 8 2048
LFSR113 512 128 128 512
MRG32K3A 64 1024 1 65536
MT19937 64 227 227 64

Table 5: Comparing performance of PRAND, NAG Numerical routines for GPUs and
Nvidia cuRand. The task fills 100 times an array of N = 229 double-precision floating
point numbers in GPU memory with pseudorandom numbers. CPU: Intel Xeon E5630;

GPU: Nvidia Tesla X2070; OS: CentOS 6.1; Compiler: CUDA 5.0; Optimization: -O2.

Library Time (sec) Time (sec)
MRG32K3A | MT19937/MTGP32

CURAND 9.6 16.3

NAG 10.5 13.7

PRAND 14.5 13.4




Table 4: Speed of generation for different realizations. CPU: Intel Xeon X5670;
GPU: nVidia Fermi C2050; OS: Linux SLES 11 SP1 / CentOS 5.5; Compiler:
CUDA 5.0; Optimization: -O2.

CPU, CPU, GPU, GPU,

Generator ANSI C SSE single-threaded | multithreaded

(numbers/sec) | (numbers/sec) | (numbers/sec) | (numbers/sec)
GM19 7.3-10° 3.3-10° 1.6 - 10° 2.6 - 10°
GM?29 8.5 - 10° 3.6 - 107 2.1-10° 2.5-10%
GM31 9.1-10° 3.1-107 7.3 -10% 2.1-108
GM55 2.1-107 4.6 - 107 1.9 -10° 5.6 - 10°
GM61 4.2 -10° 8.9-10° 1.5-104 1.6 -10°
GQ58.1 7.8 - 106 1.3 - 107 2.2 - 10% 1.9 108
GQ58.3 1.5 - 107 2.4-107 1.3-10° 3.8 - 10%
GQ58.4 2.1-10" 4.0 - 107 1.9 -10° 5.4 - 108
LFSR113 2.2 .108 1.6 -10° 1.2-10° 1.3-108
MRG32K3A 5.0 - 107 1.5-10° 7.3-10° 2.1-10°
MT19937 2.0 - 108 2.5-103 6.1-10° 2.9 - 10"




[MapannensHble anroputmMbl ansgd GM19,GM31,GM61,GM55.4,GQ58.1,GQ58.3,GQ58.4

AJ'IFOpI/ITM «OQWNH reHepartop Ha S HUTEN»

() _ g (n=1) _ (n-2)

Kaykasi HUTH BBITHCJISIET BEJINYIUHBI X, : qT; (mod g) m

T T 1 o .
a,g ) — LQng )/gJ . 2" g ojHoro m3 smadenuit 1 = 0,1,...,s — 1. 3arem
IIPOUCXOAUT CUHXPOHU3AIUA HATEH OJI0KA, OXKUIAHNE 3aBEPIIEHUS BCEX BbIUKC-

sgenuii. Ilocie sToro KazK/J1ad HHUTb, HOMEDP KOTOpOfI AEJIMTCA Ha S, CKJIaJbIBa-

n
€T BbIYMCJICHHbIE SHAaYCHWM?I (,l,g ) n II0JIy9a€T OY€PEIHOE BBIXOJIHOE 3HAYECHHUE

s—1 n o
a(”) = Zi:O (Ig ) Ka}KrILbIe S HUTEeU I'eHepupyloT O/JHY I1O0CJIeJ0BaTeJIbHOCTL 3a-

JIAHHOM 3apaHnee JInHbI length. /l1s Kaxkmoro Habopa u3 § HUTE NUMEIOTCsS CBOU
i i
HavaJIbHbIE YCJIOBULA (:L’{g ), xg )), MTHATTAAJIN3AIINA TPONCXOIAT TaKIM 00pa3oM,

4TOOBI Ha BBIXO/Ie OblIa BBIXO/IHAS ITOC/IeI0BATETbHOCTD AJMWHBI length*N/s, rie
N — obImtee YnCIIO 3allyCKaeMbIX HuUTel. [Ij1s 9Toro, mpex e yeM HadaTh FeHepa-
MO TOCJIETOBATEILHOCTH UHMCeI, KayKaasi HUTh ITPOU3BOINT COOTBETCTBYIOIIMUIA
IIPOIIYCK KYyCKa IocjaegoBaTebHocT. [Ipu ncronb3oBannm JaHHON peajm3aiiin
HEOOX0IUMO, ITOObI YKCJIO HUTEH 3allyCKaeMbIX B KarKJIOM OJIOKe JIeJIMJIOCh Ha-
1[eJI0 HA S.



[MapannencHbiv anroput™ ana MT19937: oguH reHepaTop Ha 227 HUTEWN.

Xhtn = Xktm © (Xj[Xfy1)A.

AJroputmM MoOXKeT OBITH CYIIIECTBEHHO YCKOPEH, €CJIM MapaJljIie/IbHO MCIOJIb-
30BaTh 1 — m = 227 Hureil jijisg OOHOBJIEHUSI COCTOAHUA TeHepaTopa. /[leii-
CTBUTEJIHbHO, IYTOOBI BBIYUCIATH BEJIUIUHY L1, TpeOyeTcd 3HATH 3HAUCHUS
BEJIUYUH Tk, Th+1, Lhtm, IOITOMY BBIYUCIIEHUS Tyyy Tyyt1y - - - s L2y —m—1 MOK-
HO IIPOBOAUTH HE3aBUCUMO, 3Hasd 3HAUYECHUS BEJIUIUH XL, L1, ..., Ln_1, & IO
BBIYUCJIEHUS BEJIUINHBI L2, _p, YKE IIOTPeOyeTCcsT BLIYUCIEHHOE 3HAUEHNE Be-
JIMYUHDBI T, .

Jlna nambHeUIero yCKopeHus reHepaiiun caydaiabix gucea MT19937,
MBI OyJIeM HCIIOJIb30BaTh pa3Hble HAOOPHLI U3 227 HUTEH IJid 3aIlOoJIHEHUs
Pa3HBbIX YYaCTKOB M3 MaCCHUBa CJOyYalHBIX 4duces. g 3Toro mepen Hada-
JIOM BBIYMCJECHUN KarKIbI HAOOp HUTEU MPOU3BOIUT IIPOITYCK KYyCKa, ITOOBI
ImepeiiT K HadaJly cBOero ydacTKa. Pa3zmep ydJacTka MaccuBa, 3aIll0OJTHIEMO-
0 OJTHUM HabopoM m3 227 HUTE, MbI II0I0UPaeM SKCIEPUMEHTATIHHO TaKIM
obpazoM, 4TOOBI BpeMsi, 3aTpadnBaeMoe HaOOpOM HHUTEN Ha IPOIYCK KYCKa,
COCTaBJIAJIO JIMIIb HEOOJIBIIYIO YacTh BPEMEHH, 3aTPadnBaeMOro Ha TeHepa-
IO CJIYYAHbBIX YHCEeJI.



[ Ipumepsl ucnosnb3oBanus ondnuoreku PRAND
B MPUKJIQJHBIX 3aJ1a4ax, A KOTOPBIX
PUMEHEHHUE THOPUIHBIX CUCTEM IIPUHOCHUT
3HAYUTEIbHBIA YKOHOMUYECKHUH Y(P(PEKT

1. 3agaya 0 NOCTPOEHNN OABYMEPHLIX CTPYKTYP pocTa
B paMKax Mogenu arperauumn, orpaHmyeHHon gnddoysnen

2. AnNropyTMbl MHOTOMEPHOIO YNCNEHHOIO MHTENPUPOBaHMA

3. MogenupoBaHWe MarHUTHbLIX CUCTEM MPU NMOMOLLM
CMNHOBbIX MOAENEN



[pyrne coBpeMeHHble BUBNMOTEKN NO reHepauunm
napannenbHbIX NOTOKOB CryYanHblX Ynucen. CpaBHEHME.

1. Tina's Random Number Generation Library (TRNG), (Universitét
Magdeburg, Germany)

N3 npenctaBneHHbix B 6MBNMOTEKe reHepaTtopoB TMPOMYCK KYCKOB W
NHUUManmn3aums napanmnenbHbiX MNOTOKOB WMMEKTCH TOMbKO AN JNIMHEWNHO-
KOHIPY3HTHbIX reHepaTtopoB, And reHepatopoB Buaa MRG mn gnd reHepaTtopoB
Bunaa YARN. OTo HegoCcTaTOMHO HageXHble reHepaTopbl CryYanHbIX Yncen.

2. NAG Numerical Routines for GPU, (Oxford, UK) BbinywieHa B KOHLE
2011 roaa.

B Ounbnuoteke npeacTtaBneHbl napannenbHble anropuTtMbl ANsi reHepaTopoB
MRG32K3A n MT19937. bubnunoteka aBnsietca KOMMEPYECKON, UCXOAHbIE KOAbI
HEeOOCTYIMHbI.

3. CuRAND library, NVIDIA CUDA Toolkit 4.1, akTyanbHas Bepcus
BbiNywleHa B eBpane 2012 roaa.

B 6ubnuoteke npeacrtaenenbl reHepatopbl MTGP  Mersenne Twister,
MRG32K3A, XORWOW. Ona MTGP Mersenne Twister wHuumanusaums
NpoBOOUTCA METOOOM MapamMeTpu3aunm, 4YTO He 4aBnaeTcd 0OCTaTOYHO
ob6ocHOBaHHbIM MeToAoM. IicxoaHble Koabl HEAOCTYMHbI.



Opyrue 6ubnmnotekn no reHepaLmm crnydanHbiX YnUcen

GNU Scientific Library  http://www.gnu.org/software/gsl/
18 CTaHAAPTHLBIX I'CHCPATOPOB CﬂyqaﬁHBIX YUCCJI, BKIIIOYasaA U CTapbIC U HCKOTOPLIC
CoBpeMeHHbIE, pealIn30BaHO cTaHIapTHO Ha Cu. be3 pacnapaiuienuBaHus

Intel MKL Library http://software.intel.com/en-us/articles/intel-mkl/
Okoj10 7 cTaHAAPTHBIX FeHepaTopoB peann3oBaHHbIX 111 CPU saddexTuBHO npu moMoiu
SIMD , 1.e. SSE-xoman u 128-0utHeix XMM-peructpos. be3 pacnapanienuBanusi.

RNGSSELIB L.Yu. B., L.N. Shchur, Computer Physics Communications, 182 (7), 1518-1527 (2011).

6 coBpeMeHHbIX reHeparopoB. Peanuzosano ais CPU npu nomormu SIMD |, T.e. SSE-komaH 1
128-6utHBIXx XMM-peructpos. Emte addexturnee ,uem Intel MKL. Bes pacnapannenuBanus.

SPRNG http://sprnqg.cs.fsu.edu/
CranmapTHble TeHepaTophl (cTapsie). PacnapasnieneHsl MeToI0M TapaMeTpu3aiuu, 6e3 0coooit
TEOPHHU.

(Florida State University, CIIIA)


http://www.gnu.org/software/gsl/
http://software.intel.com/en-us/articles/intel-mkl/
http://software.intel.com/en-us/articles/intel-mkl/
http://software.intel.com/en-us/articles/intel-mkl/
http://software.intel.com/en-us/articles/intel-mkl/
http://software.intel.com/en-us/articles/intel-mkl/
http://sprng.cs.fsu.edu/

Other existing software for random number generation, which have been reviewed
and compared in Comp.Phys.Comm. 185(2014) 1343:

GNU Scientific Library. Parallel streams, SSE and GPU are not supported.

Intel Math Kernel Library. Parallel streams — parametrization method. SSE
is supported. GPU is not supported.

SPRNG and GASPRNG. Parallel streams — parametrization method. SSE is
not supported. GPU is supported

Tina’s random number generator library (TRNG). Parallel streams — block
splitting method, only for six generators. SSE is not supported. GPU is
supported for six generators of MRG type.

NAG Numerical routines for GPUs. Parallel streams — block splitting method.
SSE is not supported. GPU is supported. Source codes are unavaliable.

Nvidia cuRand library. Parallel streams — parametrization method. SSE is
not supported. GPU is supported. Source codes are unavaliable.



BbiBOAbI

PaspaboTtaHbl 6ubnuoteka PRAND wn 6ubnnoteka RNGSSELIB no
napannenbHoM reHepaumu nceBaocrydYauHbIX 4YuCcesi, KoTopad BKroYvaer
reHepaTopbl, OCHOBaHHbIE Ha MaparnfenbHOU 3BOMLMM aBTOMOPJU3MOB
Topa (GM19, GM31, GM61, GM29.1, GM55.4, GQ58.1, GQ58.3, GQ58.4),
reHepaTop MRG32K3A, reHepartop LFSR113, reHepatop MT19937.

NS KaXaoro U3 reHepaTopoB peann3oBaHbI:

NHUUManusauns napannenbHblX NOTOKOB METOAOM pacliensieHma 0bnoka;
NMEeEeTCA BO3MOXXHOCTb MHMUManu3anpoBaTtb 40 10719 He3aBUCUMBLIX MOTOKOB
adopekTnBHble Bepcun ansa CPU ¢ ncnonb3osaHmem SIMD-napannenuama u
SSE-komaHA;

OOHOHUTEBbIE BEPCUU, KOTOPbIE MOXXHO WCMNOSIb30BaTb B BbIYUCIIEHUAX
MoHTe-Kapno Ha rpadomnyeckmnx npoueccopax, pacnpeneneHHbiX No HUTAM r
BbIYNCITNTENbHBIM Y3am NPOnN3BOSibHLIM 06pa3oMm;

napannenbHble  BEPCMM C  UCMOSfb30BaHMEM  MHOXECTBa  HUTEWN
rpadpuyeckoro npoweccopa A5 YCKOPeHUs BblYUCIEHUN,

COBMECTMMOCTb C (OOPTPaHOM; WUMEKTCA NPUMEPblI MCMNONb30BaHUA Ha
dopTpaHe 1 Ha Cw.



Owmnbka BblYMCNEHNS NHTErpana ans npoctoro metoga MoHTe-

NG

Kapno: BN
A== me (=00 S
MeToabl yMeHbLUEHNA OUCNEPCUN. o | f ()| N M x)ax
ple) = [f(x)|dx’ = /R (p(fc))p( i

1. Bbibopka no 3Ha4YMMocCTu:
p(ut,...,uq) = p1(ui)p2(u2) ... pa(uaq).

2. CtpatndmuympoBaHHasi BbibopKa: UTepaumoHHbIM MeToa ¢ pa3bneHmnem Ha
rMNepKyobl U C KONNMYECTBOM TOYEK MPOMNOpLNOHArbHbIM AUCNEPCUM B TMNEPKYDe
ONA YMeHbLUEeHNA aUCnepcum nosTHOro MHTerpana ot utepaunmn K ntepaumm.

Cxema BblUYUCIIEHUN

-

NHuumanusaumsa napameTpos

2. TeHepauma N NpoBHbIX TOYEK, KaXkaasi N3 KOTOPbIX SIBNETCH BEKTOPOM U3
K nceBOoocnyyanmHbIX YMcern, ecnu pasMmepHoCTb paBHa K.

BbluncneHne nogbiHTErpanbHOM PYHKLUMN HA MHOXECTBE NPOBHbIX TOYEK.
CymMmMupoBaHmne 3Ha4yeHnn NogblHTErpanbHON OYHKLMN N UX KBaOpaToB
anga Bcen obrnactn MHTErpMpoOBaHUS, a TakKe B KaKO4oM rmnepkyobe.
BbluncrieHme cpegHnx BennyYmH U UCnepcuin.

OnTuMmM3aunsa CETKU N OpYyrnx napameTpoB NOcre BblYUCNEHUS 3HAYEHUN.
[ToBTOpEHMe WwaroB 2—-5 BNnoTb 40 M ntepaumu

.

on o
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N

PucyHok 1. 3aBncmmocTb adodpekTuBHOCTM napannenunsaumm k = T(1)/T(N) ot
N, rae T(N) — Bpemsa BblYMCNEHNS MHOTOMEPHOIO MHTErpana ¢ 3agaHHou
TOYHOCTbIO (He 3aBucsLen ot N) npu 3anycke BblvUcieHna B pexkume N mpi-
y3rnoB. 3Be3abl 0603Ha4aloT BbIYUCIIEHMA HA cynepKkoMnbloTepe «JIoMOHOCOB»
MockoBCKOro rocygapCTtBeHHOro yHusepcuteta. Ksagpatel 0603Ha4atoT
BblUMCIieHUs Ha cynepkomMnbioTepe «K-100» MHcTUTyTa NnpuknagHown
maTtemaTtukn nm. M.B. Kengbiwa Poccunckon akagemun Hayk. NporpammHoe
obecneyeHmne Obino paspadboTtaHo npu nomolum TexHonorn MPl n CUDA.
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PucyHok 2. 3aBncnmocTtb adpdpekTmBHoCTM napannenusaumm k = T(1)/T(N) ot N,
rae T(N) — BpeMsi BbIYMCNEHUA MHOTOMEPHOIO MHTErpana ¢ 3agaHHou
TOYHOCTbIO (He 3aBucdllen ot N) npu 3anycke BblYMCNEHUS B pexume N mpi-
y3roB. BbluncneHnsa Obinin NnpoBefeHbl Ha cyrnepkoMnbioTepe «J1oMOHOCOBY»
MockoBCKOro rocyagapCTBeHHOro yHmsepcuteta. [lporpammHoe obecrnevyeHme
Obinio paspabotaHo npu nomowm texHonorn MP1 n CUDA.
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